This paper shows how to optimize the physical proportions of a building so that it synchronizes ambient heat exchanges in a natural feedback cycle. The internal mass is thermally coupled with buoyancy ventilation; the cycle is driven by the daily swing of outdoor temperature. Integrating functions in this way-so that structural materials can reliably cool and power the ventilation for buildings-could help decarbonize the construction industry and provide an effective strategy for adapting to life-threatening heatwaves. Based on harmonic analysis, the method allows designers to thermally tune the form and mass of a building to meet chosen targets for temperature and ventilation in free-running mode. Once the optimal balance of exchange rates is known, design teams can proportionally adjust the building height and ventilation openings versus the surface area and thickness of an internal thermal mass. The possible permutations are infinite but parametrically constrained, allowing teams to fairly compare the functional and environmental credentials of different construction materials while they produce and evaluate preliminary options for organizing the exterior form and interior spaces of a building. An example study suggests that thin-shell structures of minimum weight, and even timber buildings, may be optimally tuned to produce ample ventilation and temperature attenuation.
establish consensus and steer the activities of other project contributors and stakeholders. In the early 48 stages of design, architects develop a range of volumetric forms to facilitate discussion with project 49 contributors and stakeholders. These so-called "massing studies" do not need to be geometrically 50 detailed; their purpose is to help build consensus on which issues and ideas to prioritize and develop 51 further. dimensionless ratios. They then solved the differential equations numerically for a range of scenarios, assuming periodic (i.e. harmonic) variations in the ambient temperature. Using the same parameters, 124 they then built an approximate lumped model, and systematically compared the results of this approx-125 imate model to the more detailed numerical version-and found good agreement. Significantly, their 126 lumped model is discretized into four interacting temperature signals-the exterior temperature, the 127 interior temperature, the surface temperature of the internal mass, and the lumped temperature of the 128 mass ( Figure 3) . The ability to accurately estimate the coupled surface and interior temperature-using 129 analytical shortcuts-represented a significant advance in the thermal mass literature. Where T 0 is the mean daily temperature, T 0 = (T min − T max )/2, ∆T is the temperature increment 186 above the mean, ∆T = |T max − T 0 |, and ω is the angular frequency, ω = 2π/86400. The dimensionless 187 time and temperature are, respectively:
The four temperatures in the system are defined as follows. The exterior temperature:
The interior temperature (assuming perfectly mixed air): 
And the temperature of the thermal mass:
The thermal mass is modelled as a lumped mass, meaning that, unlike a real mass, there are no 193 temperature gradients inside it. A lumped mass has a single evolving temperature that represents the 194 equivalent work of a real mass. The lumped mass temperature signal is close to, but not the same as, 195 the average temperature of a real mass.
196
To plot the temperature signals, one needs to know the attenuation (A) and the phase lag (Φ). The 197 reciprocal of the attenuation (1/A) is the peak temperature, relative to θ e = 1. The phase lag is the 198 time delay of the peak temperature, relative to τ = 0. The attenuation for the interior temperature 199 is:
The attenuation for the surface temperature is:
And the attenuation for the mass temperature is:
(2.10)
The parameters λ and Ω will be defined shortly. The phase lag of the interior temperature is:
The phase lag of the surface temperature is:
Algebraic substitution reveals that the temperature definitions all include Φ m :
How to solve for the mass phase lag, Φ m ? The first option is to numerically solve the differential 206 equations that define their lumped parameter model:
Alternatively, Holford and Woods found two shortcuts for estimating Φ m : Since Φ m is determined by parameters Ω, λ, and F, these three parameters alone control the entire 216 system. The massing parameter Ω is defined as:
Where ξ is the potential rate of heat storage compared to the rate of surface heat transfer:
And l is the thickness of the mass, ρc is the volumetric heat capacity of the mass material, and h is 219 the surface heat transfer coefficient. The parameter η is the ratio of the layer thickness to the depth 220 of thermal penetration :
(2.21) as:
223
Where l r is the fraction of material thickness needed for the lumped mass to do the equivalent work of 224 the real mass:
And λ is a factor which, by approximating the temperature gradients inside the mass, determines the 226 surface temperature:
This surface temperature factor ranges between 0 < λ <1. When λ = 1, there are no temperature 228 gradients inside the mass, soθ s = θ m . When λ → 0 , the surface temperature strays further and further 229 away from the mass temperature; as a result, the mass stores heat less and less efficiently.
230
Finally, we can define the ventilation heat exchange parameter, which compares the ventilation 231 heat exchange to the surface heat exchange at the surface:
Where ρ i c i is the volumetric heat capacity of air, S is the surface area of mass exposed to the interior 233 air, and the rate of ventilation, Q, is:
Where A * is the effective area of ventilation openings (see [90] ), β is the thermal expansion coefficient of we define an average ventilation rate, based on the normalized mean temperature difference:
According to the integral mean value theorem, the mean temperature difference is:
(2.28) Equation (2.4) andEquation (2.13) and completing the integration gives: heat transfer). This section defines two optimal tunings for F/λ and Ω. The two optimal tunings are 251 associated with different damping coefficients, defined graphically inFigure 5 252
Analysis
The first damping coefficient is the maximum difference between the interior and exterior temper-253 ature in a given cycle, |θ e − θ i | peak . Let us call it the peak venting temperature difference, since it is 254 the moment of maximum buoyancy ventilation. It occurs twice in a 24-hour cycle, but when exactly?
255
As indicated in figures 4 and 5, all temperatures in the system converge at time τ = Φ m . When 256 this happens, the buoyancy ventilation momentarily ceases before switching direction from a daytime 257 downdraft to a nocturnal updraft. If the minimum venting temperature difference occurs at time 258 τ = Φ m , it follows that the peak venting temperature difference occurs midway through a half-cycle 259 at time τ = Φ m − π/2. Subtracting equation 2.12 from 2.4 and substituting the definition for τ gives:
Now is necessary to substitute a definition for Φ m . As discussed in §2.3,Equation (2.18) is less ac-261 curate thanEquation (2.17), but it does have the advantage of not needing to be solved iteratively.
262
Moreover, recall from §1 that strategic comparisons, not absolute forecasts, are the focus of this paper.
263
SubstitutingEquation (2.18) gives: Figure 5 : The definition of two damping coefficients: the peak venting temperature difference, which is shown in blue and occurs at time τ = Φ m − π/2, and the attenuating temperature difference, 1 − 1/A i , which is shown in red and occurs at time τ = Φ i . The graphs show the influence of F and Ω on both kinds of damping coefficient. The surface temperature delay of the thermal mass is arbitrarily fixed at λ = 0.75 in all graphs.
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Notice how, for every increment of |θ e − θ i | peak , there is an optimal pairing of Ω and F/λ. This ideal 266 tuning is defined by the curve:
Optimal design values can be found by solving Equation ( the thermal mass such that Ω = 0.94; this will maximize the F/λ parameter such that F/λ = 0.83.
272
Now recall that λ predicts the surface temperature delay due to temperature gradients inside the mass, 273 and depends on the choice of the material. If calculations for one material show that λ = 0.9, then F 274 = 0.83 * 0.9 = 0.747 (see §4.1 for a more detailed example).
275
In this way, one can evaluate the effect of the thermal properties of materials fairly. All material 276 masses can be sized to achieve the same optimal value for the massing parameter Ω-it is just a matter 277 of finding the correct thickness. However, because of differences in thermal properties, different material 278 masses can't have the same values for both Ω and λ. The differences in λ manifest as differences 279 in surface temperature, and the surface temperature regulates the power of buoyancy ventilation.
280
Therefore, everything else being equal, materials with a lower λ are less efficient as thermal mass 281 because they produce less ventilation.
282 Figure 5 defines a second damping coefficient, which occurs at time τ = Φ i . Let us call it the 283 attenuating temperature difference:
Substituting equation 2.11 gives: Figure 7 shows a contour plot of the attenuating temperature difference as a function of F/λ and Ω.
286
Once more, notice how, for every temperature increment, there is an optimal value of Ω for which F/λ 287 is maximized. This ideal tuning is defined by the curve: neously. For instance, to achieve 1 − 1/A i = 0.5 , one should design the thermal mass such that Ω = 290 1.62; this will maximize the ventilation parameter such that F/λ = 0.61.
291
Notice that the optimal values for both damping coefficients are quite similar. The attenuating 292 temperature difference is associated with slightly larger values for optimal Ω and slightly smaller values 293 for maximum F/λ. These small differences in the ideal tuning can have a large impact on the physical 294 dimensions of the architecture, as the massing studies of §4 will show. tops to triple-height walls.
340
For an estimate of the average convection heat transfer coefficient, it is necessary to know the mean 341 temperature difference between the surface and the interior. According to the integral mean value 342 theorem: Equations (2.13) and (2.14) and completing the integration gives:
Where h is the total heat transfer coefficient:
And h r is the radiation heat transfer coefficient:
Where σ is the Stefan-Boltzmann constant and ε is the average emissivity of the surfaces. Equa- To apply this proxy for internal heat loads, the analyst must first evaluate the heat flux from the fictional radiator and decide if it needs increasing to meet any deficit in the expected average heat load.
373
Meeting the deficit can be done by multiplying h r by some factor. Then the charging and discharging 374 cycles must be balanced over the day. For instance, by assuming that the ventilation openings (A* ) 375 are automatically increased at night, so the extra buoyancy ventilation matches the night cooling by 376 the fictional radiant body.
377 Figure 9 compares the cumulative surface heat transfer due to natural convection and radiation.
378
The yellow portions of the graph show natural convection, which is present even when the interior 379 space is empty. The red parts show emissions from a fictional radiator as a proxy for internal loads.
380
The graphs are arranged in a grid with two columns, one for each damping coefficient: the left-hand 381 column aligns with the peak venting temperature difference |θ e − θ i | peak ; the right-hand column aligns Table 1 .
buoyancy ventilation for a given damping coefficient (|θ e − θ i | peak , light shading; 1−1/A i , dark shading). with the thermal properties (c.f. Table 1) ; the dotted lines assume average values for these properties.
423 Figure 10 is based on the same set of assumptions as Figure 9 (recall from §3.3 that the radiant heat 424 flux varies with |θ s − θ i | mean ; it was not adjusted to model internal loads equally across all values of 425 the damping coefficient). Figure 10 can be reproduced with different inputs by following these three 426 steps:
427
• Choose a damping coefficient to optimize for (|θ e − θ i | peak or 1 − 1/A i ) and find the associated • As either damping coefficient (|θ e − θ i | peak or 1 − 1/A i ) increases, the optimal thickness reduces.
437
This is because the massing parameter, Ω, and the surface heat flux, h T |θ s − θ i | mean , reduce, 438 too.
• Maximizing the rate of buoyancy ventilation (Q).
479
The calculation flow for producing Figure 11 follows these steps: • For reference, a sufficient amount of ventilation for one person is typically 10 liters per second.
493
That is, Q = 0.01 m 3 /s. Therefore, when the ventilation rate is Q = {0.1, 1, 10} m 3 /s, there is 494 enough fresh air for approximately {10, 100, 1000} people.
495
Some general observations can be made:
496
• Optimizing for the attenuating temperature difference requires thicker masses, resulting in smaller 497 buildings (compared to the peak venting temperature difference, when the material volume is 498 fixed).
499
• The relative power distribution, shown in the bottom row of graphs, does not change with the 500 volume constraint (since the balance of thermal exchanges is the same for each optimal case).
501
While it is unconventional to fix the amount of material before design commences, this strategy may 502 be useful in the coming decade as carbon caps become better defined and more stringent. Figure 11 : The optimal distribution of a fixed amount of concrete thermal mass (V = S l) that maximizes buoyancy ventilation (Q) for a given damping coefficient (|θ e − θ i | peak or 1 − 1/A i )
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Fixed rate of ventilation
Having shown how to use the ideal tuning to compare massings made from the same volume of 505 material, this subsection compares ideally-tuned massings that produce the same ventilation. Figure 13 interrogates this range in more detail, using different geometries and comparing the 527 efficacy of concrete to timber (hardwood, parallel to the grain, c.f. Table 1 ) as internal thermal mass.
528
The buildings start as a hemisphere or a cube (H = 10 m). Their shapes then 'morph' according to 
